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Abstract. Some time ago Takahashi derived so called transverse relations relating
Green’s functions of different orders to complement the well-known Ward-Green-
Takahashi identities of gauge theories by considering wedge rather than inner products.
These transverse relations have the potential to determine the full fermion-boson vertex
in terms of the renormalization functions of the fermion propagator. He & Yu have
given an indicative proof at one-loop level in 4-dimensions. However, their construct
involves the 4th rank Levi-Civita tensor defined only unambiguously in 4-dimensions
exactly where the loop integrals diverge. Consequently, here we explicitly check the
proposed transverse Ward-Takahashi relation holds at one loop order in d-dimensions,
with d = 4 + ε.
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1. Introduction
The Ward-Green-Takahashi identities [1, 2, 3] play an important role in the study of
gauge theories and particularly in the implementation of consistent non-perturbative
truncations of the corresponding Schwinger-Dyson equations [4, 5]. The Ward-Green-
Takahashi identities involve contractions of vertices with external momenta and relate
these to Green’s functions with a lesser number of external legs. The best known of
these relates the 3 point vector vertex coupling a fermion-antifermion pair to the gauge
boson, ΓµV (p1, p2), to the difference of fermion propagators, SF (p1) and SF (p2), so that
with q = p1 − p2
qµ Γ
µ
V (p1, p2) = S
−1
F (p1) − S
−1
F (p2) . (1)
Such projections constrain the so called longitudinal component of the vertices, while
leaving their transverse parts unrestricted.
While the Ward-Green-Takahashi identity follows from the divergence of the vector
vertex, Takahashi made plausible the existence of new relations that follow from the curl
(or wedge product) of the vertex [6]. These are referred to as transverse Ward-Takahashi
relations and have the potential to restrict the transverse vertices from gauge symmetry
alone. Kondo [7] rederived these relations for the 3-point functions in coordinate space
using the path integral formulation. Subsequently, He, Khanna and Takahashi [8] using
canonical field theory cast these relations in momentum space. However, He [9] then
showed that an essential part of the Fourier transform was overlooked and that the
correct relation in QED (in the simpler massless fermion) case is:
iqµΓνV − iq
νΓµV = S
−1
F (p1)σ
µν + σµνS−1F (p2)−
1
2
(p1 + p2)λ
{
σµν ,ΓλV
}
+
∫
ddk
(2π)d
kλ
{
σµν , Γ˜λV
}
, (2)
where σµν = i [γµ, γν ] /2, ΓµV = Γ
µ
V (p1, p2) and Γ˜
λ
V = Γ˜
λ
V (p1, p2; k). In contrast to what
is written in the paper by He [9], it is the anticommutator
{
σµν , γλ
}
that is used in the
derivation of Kondo [7]; the identification of
{
σµν , γλ
}
with −2ελµνργργ5 is only valid
in exactly 4 space-time dimensions and should not be used when the requisite integrals
contain divergences. It is this requirement that motivates the analysis presented here.
p2p1
q
Figure 1. Fermion-vector boson vertex and its momenta
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The last two terms of (2) are given by the momentum transform of
lim
x′→x
−
i
2
(
∂xλ − ∂
x′
λ
)
〈0|T ψ¯(x′)
{
σµν , γλ
}
UP (x
′, x)ψ(x)ψ(x1)ψ¯(x2) |0〉 (3)
with
UP (x
′, x) = P exp
(
−ig
∫ x′
x
dyρAρ(y)
)
, (4)
where ψ and A are the fermion and gauge fields respectively. P means the integral
is path ordered, in fact a Wilson line integral. This implicitly defines the non-
local vector vertex in our anticommutator
{
σµν , Γ˜λV
}
of (2), related to the axial one
Γ˜Aρ(p1, p2; k) in He [9]. Being non-local these involve integrals in momentum space
some of which cannot be represented diagrammatically in terms of Feynman graphs.
An example is the last term of (2), which for later we denote byW µν . With a textbook
factor of Z1 renormalising the vector vertices and Z
−1
2 renormalising the fermion
propagator, multiplicative renormalisability of the transverse Ward-Takahashi relation,
(2), is ensured by the same condition Z1 = Z2 as required by the renormalisation of the
longitudinal Ward-Green-Takahashi identity, (1).
To see how the Ward-Takahashi identity and the transverse relation constrain the
fermion-boson vector vertex, first let us recall the very first Ward identity, which is
the q → 0 limit of (1), viz.
ΓµV (p, p) =
∂S−1F (p)
∂pµ
. (5)
Let us separate the vertex into longitudinal and transverse components defined by
ΓµV = Γ
µ
L + Γ
µ
T , with qµ Γ
µ
T = 0 . (6)
We can arrange for ΓµL alone to satisfy the original Ward-Green-Takahashi identity, (1),
and for ΓµT alone to contribute to the left hand side of the transverse Ward-Takahashi
relation, (2), by writing
ΓµL =
qµ
q2
(
S−1F (p1) − S
−1
F (p2)
)
, and ΓµT =
(
gµν −
qµqν
q2
)
ΓµV . (7)
This separation seemingly makes the longitudinal and transverse components unrelated.
However, each component of (7) has a kinematic singularity at q2 = 0. Consequently,
the Ward identity in (5) requires an inter-relation between ΓµL and Γ
µ
T . An alternative
separation is to abandon (7) and ensure that each component is free of kinematic
singularities. Then one can require that the longitudinal part alone not only satisfies
(1), but its q → 0 limit too, viz. (5). This is the Ball-Chiu construction [4]. With
this definition of the longitudinal part, we have, writing the massless inverse fermion
propagator as SF (p) = α(p
2)p6 :
ΓµL(p1, p2) =
1
2
(
α(p21) + α(p
2
2)
)
γµ +
1
2
α(p21)− α(p
2
2)
p21 − p
2
2
(p6 1 + p6 2)(p1 + p2)
µ . (8)
The transverse component is then only constrained to satisfy the condition: ΓµT (p, p) =
0, which the separation of (7) does not. However, the transverse Ward-Takahashi
Checking the transverse Ward-Takahashi relation at one loop order 4
relation now involves both ΓµT and Γ
µ
L as well. We can illustrate the power of the
transverse relation by considering the q → 0 limit of this equation. We can then deduce
to all orders in perturbation theory, and genuinely non-perturbatively, the constraint
W µν(p+ q, p) places on the transverse vertex. From (2) we have:
W µν(p1, p2) ≡
∫ ddk
(2π)d
kλ
{
σµν , Γ˜λV (p1, p2; k)
}
= −
{
S−1F (p1)σ
µν + σµνS−1F (p2)−
1
2
(p1 + p2)λ
{
σµν ,ΓλV (p1, p2)
}
− iqµΓνV (p1, p2) + iq
νΓµV (p1, p2)
}
. (9)
When q → 0 thenW µν(p1 = p2 = p) = 0. The general transverse vertex in the massless
fermion case involves 4 vectors orthogonal to qµ, the basis vectors T µi , which are listed
in Ref. [17], so that
ΓµT (p+ q, p) =
∑
i=2,3,6,8
τi((p+ q)
2, p2, q2) T µi (p, q) , (10)
where the coefficients τi are themselves free of kinematic singularities and are functions
of the three relevant invariants, p21, p
2
2 and q
2. T µ2 and T
µ
3 are quadratic in q, while T
µ
6
and T µ8 are both linear. In particular
T µ8 = iγ
µpν1p
λ
2σνλ + p
µ
1p6 2 − p
µ
2p6 1 . (11)
The coefficients τi are all symmetric under p1 = p+ q ↔ p2 = p, except for τ6, which is
antisymmetric and so vanishes when q → 0. We then have non-perturbatively to first
order in the boson momentum q:
W µν(p1 = p+ q, p2 = p) = − i [(p
µqν − pνqµ) p6 + q · p (pµγν − pνγµ)] α′(p2)
+ 2i [(pµqν − pνqµ) p6 − q · p (pµγν − pνγµ)
+ p2 (qµγν − qνγµ)
]
τ8 (p, p) , (12)
where we expect α′(p2) to result from terms like (α(p21)− α(p
2
2)) / (p
2
1 − p
2
2) as in (8).
Such constraints restrict the form of the transverse coefficient τ8, for example, and have
the potential to play a critical role in constructing consistent non-perturbative Feynman
rules. Consequently, it is critical to check how to evaluate the transverse Ward-Takahashi
relation, which is what we do here.
It is trivial to check that the transverse Ward-Takahashi relation holds at tree level.
This follows directly from the identity
iqµγν − iqνγµ = p6 1σ
µν + σµνp6 2 −
1
2
(p1 + p2)λ
{
σµν , γλ
}
. (13)
when the non-local term does not appear. Note that at tree level we are in 4-dimensions
so we would be permitted to use the identity
{
σµν , γλ
}
= −2ελµνργργ5. He and Yu
[10] have sketched a proof of the relation at one loop order. The purpose of this paper
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is to check this in detail in d-dimensions, where d = 4 + ǫ. For notational brevity we
introduce the following form of the Chisholm identity:
− i
{
σµν , γλ
}
= rλµν =
(
γλγµγν − γνγµγλ
)
. (14)
There has been discussion in the literature [11, 7] about the role of the Adler-Bell-Jackiw
anomaly [12, 13, 14] in these relations. It has been shown [15, 16] that this plays no role
in the axial-vector equivalent of (2). We will consider the transverse Ward-Takahashi
relation in the massless fermion case for simplicity. We show that this only holds if
appropriate care is taken of the integrals divergent in 4-dimensions. This allows us to
complete the proof to one loop order outlined by He and Yu [10].
2. Perturbative Derivation of the Transverse
Ward-Takahashi Relation
Following the formal derivation of the transverse Ward-Takahashi relation in Ref. [8],
He and Yu [10] give a proof of how the relation should hold at one loop order by
considering the relevant integrands, but without evaluating any of the integrals. Here
we will investigate the relation in greater detail. First in this section we will reconsider
the proof by deducing the integrands in d-dimensions, where d = 4 + ǫ. To manipulate
the divergent integrals integrals in d-dimensions we must clearly use the original object{
σµν , γλ
}
, since once again its identification with −2ελµνργργ5 is valid only in 4-
dimensions. We will then confirm this result in the next section by explicit evaluation
of each of the contributing integrals.
To derive the transverse Ward-Takahashi relation at one-loop order, we begin with the
tree-level relation of (13):
iqµγν − iqνγµ = p6 1σ
µν + σµνp6 2 −
1
2
[(p6 1 + p6 2) σ
µν + σµν (p6 1 + p6 2)] . (15)
It is obvious that this relation is trivially satisfied at tree-level, hence we need only
concentrate on the one-loop corrections to the relation. To simplify the answer we
introduce the following shorthand for the integration:
∫
dk ≡ g2
∫ ddk
(2π)d
−i
k2 a2 b2
, (16)
= + + · · ·
q
p1 p2
ba
k
p2p1
q
Figure 2. One loop corrections to the vector vertex of figure 1 with the
momenta labelled as in our calculation
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p p
= +
k
p p− k p
+ · · ·
Figure 3. One loop correction to the fermion propagator
where a = p1 − k and b = p2 − k as shown in figure 2. We use the standard Feynman
rules for QED with, for example,
∆αβ(k) =
−i
k2
(
gαβ + (ξ − 1)
kαkβ
k2
)
(17)
for the bare gauge boson propagator, where ξ is the usual covariant gauge parameter.
If we write the full vertex to one-loop order as
ΓµV (p1, p2) = γ
µ + Λµ(2)(p1, p2) , (18)
we can read off from figure 2 that
Λµ(2)(p1, p2) =
∫
dk γαa6 γµb6 γα (19)
in the Feynman gauge, when ξ = 1. We see that the left-hand side of (2) can be obtained
by sandwiching (15) between γαa6 and b6 γα, then integrating over the measure
∫
dk, so
that:
iqµΛν(2) (p1, p2)− iq
νΛµ(2) (p1, p2) =
∫
dkγαa6 (p6 1σ
µν + σµνp6 2) b6 γα
−
1
2
∫
dkγαa6 [(p6 1 + p6 2) σ
µν + σµν (p6 1 + p6 2)] b6 γα . (20)
The second term on the right-hand side is the −1
2
(p1 + p2)λ
{
σµν ,ΛλV (2)
}
piece of the
original relation and is one of the terms we wish to identify.
At the one-loop level we can write the fermion self energy parts of figure 3 as
SF (p1) = p6 1 − Σ(2)(p1) , where Σ(2)(p1) =
∫
dk γα
(
a6 b2
)
γα
SF (p2) = p6 2 − Σ(2)(p2) , where Σ(2)(p2) =
∫
dk γα
(
a2b6
)
γα . (21)
In order to extract such terms from (20), the unidentified term on the right hand side
of this equation is re-expressed using the replacement:∫
dk γαa6 (p6 1σ
µν + σµνp6 2) b6 γα =
∫
dk γα
(
−σµνa2b6 − a6 b2σµν
)
γα
+
∫
dkγαa6 (k6 σµν + σµνk6 ) b6 γα
+
∫
dkγαa6 (2a6 σµν + 2σµνb6 ) b6 γα . (22)
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To the first line on the right-hand side of (22) we commute the σ-matrices to the outside
of the γα by using σµνγα → γασµν − 2igαµγν + 2igανγµ. This gives:
iqµΛν(2) (p1, p2)− iq
νΛµ(2) (p1, p2) = − Σ(2)(p1) σ
µν − σµν Σ(2)(p2)
−
1
2
(p1 + p2)λ
{
σµν ,ΛλV (2)
}
+
∫
dkγαa6 (k6 σµν + σµνk6 ) b6 γα
+ 2
∫
dk {γαa6 (a6 σµν + σµνb6 ) b6 γα
−
((
a2b6 + a6 b2
)
σµν + σµν
(
a2b6 + a6 b2
))}
. (23)
To be able to express this in terms of the Wilson line integral in the transverse Ward-
Takahashi relation, we need to introduce a factor of γα and γα either side of the last
term in (23). On rearranging this becomes:
iqµΛν(2) (p1, p2)− iq
νΛµ(2) (p1, p2) = − Σ(2)(p1) σ
µν − σµν Σ(2)(p2)
−
1
2
(p1 + p2)λ
{
σµν ,ΛλV (2)
}
+
∫
dk γαa6 (k6 σµν + σµνk6 ) b6 γα
−
∫
dk (γασµν + σµνγα)
(
a2b6 − a6 b2
)
γα
− 2(d− 4)
∫
dk (a6 σµν + σµνa6 ) b2 . (24)
Putting back in the tree-level result, together with the identification of last 3 lines with
the Wilson-line integration over non-local contributions allows us to write the transverse
Ward-Takahashi relation, derived for the massless case of QED in d-dimensions in the
Feynman gauge, as
iqµΓνV (p1, p2)− iq
νΓµV (p1, p2) = S
−1
F (p1) σ
µν + σµν S−1F (p2)−
1
2
(p1 + p2)λ
{
σµν ,ΓλV
}
+
∫
ddk
(2π)d
kλ
{
σµν , Γ˜λV
}
, (25)
which is indeed what is found by He, though written with explicitly d-dimensional
objects. It is straightforward to check that this relation would hold in any covariant
gauge.
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3. The One Loop Integrals
Since the integrals are not finite and so the manipulations more subtle, we now proceed
to explicit computation of the terms in the transverse Ward-Takahashi relation to one
loop order. The calculation will be divided into the four parts, of which it was originally
composed, plus the fifth correction piece. The following sections deal with the terms in
(25) in turn
• section 3.1 i qµ ΓνV − i q
ν ΓµV
• section 3.2 S−1F (p1) σ
µν + σµν S−1F (p2)
• section 3.3 1
2
(p1 + p2)λ
{
σµν ,ΓλV
}
• section 3.4
∫
d4k kλ
{
σµν , Γ˜λV
}
The O(α) correction to each of these we denote by (iαPi
µν/4π) with i = 1, .., 4. Then
(25) if true would become simply
P1
µν = [P2 +P3 +P4]
µν . (26)
This is what we set out to prove. The calculation is performed in full for an arbitrary
covariant gauge, specified as usual by ξ, and in dimension d. We will be particularly
concerned with the results with d = 4 + ε when ε → 0.
3.1. Part 1
The first part of the calculation is the (i qµΓνV − i q
νΓµV ) piece. This involves the full
vertex ΓµV (p1, p2), as calculated for arbitary covariant gauge by Kızılersu¨ et al [17]. Once
we know all of the relevant standard integrals, which are collected in the Appendix, the
calculation is straightforward. We begin by writing the vertex to one-loop order as in
(18)
ΓµV (p1, p2) = γ
µ + Λµ(2)(p1, p2) . (27)
Defining the momentum flow from figure 2, we then have, using the standard Feynman
rules, the vertex correction given by:
Λµ(p1, p2) = −
iα
4π3
∫
d4ω
γα (p6 1 − ω6 ) γ
µ (p6 2 − ω6 ) γ
β
ω2 (p1 − ω)
2 (p2 − ω)
2
(
gαβ + (ξ − 1)
ωαωβ
ω2
)
, (28)
where we have suppressed the +iǫ prescribed to define the propagators. If we decompose
this into its constituent tensor integrals,
Λµ(p1, p2) = −
iα
4π3
{
γα (p6 1γ
µp6 2) γα J
(0)(p1, p2) − γ
α (p6 1γ
µγν + γνγµp6 2) γα J
(1)
ν
(p1, p2)
+
(
γαγνγµγλγα
)
J
(2)
νλ (p1, p2) + (ξ − 1)
[
(−γνp6 1γ
µ − γµp6 2γ
ν) J (1)
ν
(p1, p2)
+γµK(0)(p1, p2) +
(
γνp6 1γ
µp6 2γ
λ
)
I
(2)
νλ (p1, p2)
]}
. (29)
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Reducing the tensor integrals to scalar integrals, and collecting terms together with
common Dirac structures gives
ΓµV (p1, p2) = γ
µ +
α
4π
{
p6 2p
µ
2
[
2JA − 2JC + (ξ − 1) ID p
2
1
]
+ p6 1p
µ
1
[
2JB − 2JE + (ξ − 1) ID p
2
2
]
+ p6 1p
µ
2 [−2J0 + 2JA + 2JB − 2JD
+ (ξ − 1)
(
−
1
2
J0 −
1
2
IC p
2
2 − ID p1 · p2 +
1
2
IE p
2
1 + JA
)]
+ p6 2p
µ
1
[
−2JD + (ξ − 1)
(
IC p
2
2 − JA
)]
+ γµp6 2p6 1 [J0 − JA − JB
+ (ξ − 1)
(
1
4
J0 +
1
4
IC p
2
2 +
1
2
ID p1 · p2 +
1
4
IE p
2
1 −
1
2
JA −
1
2
JB
)]
+ γµ
[
−JA p
2
2 − JB p
2
1 +
1
2
JC p
2
2 + JD p1 · p2 +
1
2
JE p
2
1 +
1
2
(
1 +
3ε
4
)
K0
+ (ξ − 1)
(
−
1
2
JA p
2
2 −
1
2
JB p
2
1 +
1
2
K0
)]}
. (30)
where each of the functions IA, · · · , JE, K0 depend on p1, p2 and are given in Appendix
Eqs (A.16, A.17) as well as (32, 33, 34) below. Collecting the terms together with
common Lorentz and Dirac structure at one loop we obtain:
P1
µν = p6 1 (p
µ
2p
ν
1 − p
µ
1p
ν
2)
[(
−IE p
2
1 − ID p
2
2 + JB
)
(ξ − 1)− 2(JB − JD − JE)
]
+ p6 2 (p
µ
2p
ν
1 − p
µ
1p
ν
2) [2(J0 − 2JA − JB + JC + JD)
+
1
2
(ξ − 1)
(
−2ID p
2
1 + IE p
2
1 − IC p
2
2 + J0 − 2JB + 2ID p1 · p2
)]
+ p6 1p6 2 (γ
νpµ2 + γ
µpν1 − γ
µpν2 − γ
νpµ1 ) [J0 − JA − JB
+
1
4
(ξ − 1)
(
IE p
2
1 + IC p
2
2 + J0 − 2JA − 2JB + 2ID p1 · p2
)]
+ (γνpµ2 + γ
µpν1 − γ
νpµ1 − γ
µpν2)
[
1
2
(
2JB p
2
1 − JE p
2
1 + 2JA p
2
2 − JC p
2
2
−K0 − 2(2J0 − 2JA − 2JB + JD) p1 · p2 + 3)
−
1
2
(ξ − 1)
(
−JB p
2
1 − JA p
2
2 + 2ID (p1 · p2)
2
+K0 +
(
IE p
2
1 + IC p
2
2 + J0 − 2JA − 2JB
)
p1 · p2
)]
.
(31)
Except where explicitly stated otherwise, K0, · · · , JE are functions of p1, p2 as given in
the Appendix (A.16, A.17) as well as (32, 33, 34) below. This answer, (31), can then be
substituted into the first part of the transverse Ward-Takahashi relation, (2, 25), i.e. in
(26).
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3.2. Part 2
It is useful here to note that the many integrals appearing in evaluation of the loop
graphs are expressible in terms of a set of basis functions J0, L, L
′, C and S given by:
J0 =
2
∆
[
Sp
(
p21 − p1 · p2 +∆
p21
)
− Sp
(
p21 − p1 · p2 −∆
p21
)
+
1
2
ln
(
p1 · p2 −∆
p1 · p2 +∆
)
ln
(
(p2 − p1)
2
p21
)]
(32)
with ∆ =
√
(p1 · p2)
2 − p21p
2
2 , and
L = ln
(
−
p21
µ2
)
; L′ = ln
(
−
p22
µ2
)
; S =
1
2
ln
(
−
(p1 − p2)
2
µ2
)
C = −
2
ε
− γ − ln(π) . (33)
In terms of these the K-scalar integrals which are about to appear are given simply by:
K0(p1, p2) = 2 (C + 2− 2S)
K0(0, p2) = 2 (C + 2− L
′)
K0(p1, 0) = 2 (C + 2− L) . (34)
With these definitions the
(
S−1F (p1)σ
µν + σµνS−1F (p2)
)
piece of (25) requires the
evaluation of the inverse fermion propagator to one-loop. We note that the inverse
propagator can be written as S−1F (p1) = p6 1 − Σ(2)(p1), where
Σ(2)(p1) = −
iα
4π3
∫
ddk
γα (p6 1 − k6 ) γ
β
k2 (p1 − k)
2
(
gαβ + (ξ − 1)
kαkβ
k2
)
= −
iα
4π3
(−2 − ε)
[
p6 1K
(0) (p1, 0)− γ
λK
(1)
λ (p1, 0)
]
−
iα
4π3
(ξ − 1)
[
γλp6 1γ
νJ
(2)
λν (p1, 0) + γ
λK
(1)
λ (p1, 0)
]
. (35)
Once the tensor integrals have been substituted, the inverse propagator is
S−1F (p1) = p6 1
(
1 +
αξ
4π
(C + 1− L)
)
, (36)
with a similar expression for S−1F (p2) with the replacement p1 → p2 in (36). From these
we deduce that
P2
µν = p6 1 (γ
µγν − γνγµ)
ξ
4
(K0(p1, 0)− 2)
+ (p6 2 (γ
µγν − γνγµ) + 4γµpν2 − 4γ
νpµ2 )
ξ
4
(K0(0, p2)− 2) . (37)
Substituting for these in the transverse Ward-Takahashi relation, (2, 25), will give us
the second piece.
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3.3. Part 3
The third part we wish to compute involves the anticommutator of σµν with the vector
vertex with momentum routing as defined in figure 2. In the work of He [9] the
anticommutator is replaced by its 4-dimensional identity, hence the appearance of the
axial vector therein. We choose not to follow this path for obvious reasons — the
integrals must be evaluated in d = 4 + ε dimensions.
Thus we begin with
−
1
2
(p1 + p2)λ
{
σµν ,ΓλV
}
=
1
2
iα
4π3
∫
d4k
γα (p6 1 − k6 )
{
σµν , γλ
}
(p6 2 − k6 ) γ
β
k2 (p1 − k)
2 (p2 − k)
2
×
(
gαβ + (ξ − 1)
kαkβ
k2
)
. (38)
After extensive use of Dirac algebra identities and noting the definition of rλµν in (14),
we deduce
−
1
2
(p1 + p2)λ
{
σµν ,ΓλV
}
= −
i
2
(p1 + p2)λ r
λµν
+
α
4π3
(p1 + p2)λ
{(
γβrλµνγδ
) (
p1δp2βJ
(0)(p1, p2)− p1δJ
(1)
β (p1, p2)− p2βJ
(1)
δ (p1, p2)
)
−
1
2
γαγβ rλµν γδγαJ
(2)
βδ (p1, p2)
+ (ξ − 1)
[
1
2
γβp6 1r
λµν
(
J
(1)
β (p1, p2)− p6 2γ
δI
(2)
βδ (p1, p2)
)
+
1
2
rλµν
(
p6 2γ
βJ
(1)
β (p1, p2)−K
(0)(p1, p2)
)]}
. (39)
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Substituting the forms of the integrals from the Appendix, we again collect the terms
according to their Lorentz and Dirac structures
P3
µν = p6 1
[(
IE p
2
1 − ID p
2
2 − JB
)
(ξ − 1) (pµ2p
ν
1 − p
µ
1p
ν
2)− 2(JB + JD − JE) (p
µ
2p
ν
1 − p
µ
1p
ν
2)
]
+p6 1p6 2 (γ
νpµ2 − γ
µpν2) [J0 + JA − JB − 2JC + 2JD
+
1
4
(ξ − 1)
(
4ID p
2
1 + IE p
2
1 − 3IC p
2
2 + J0 + 2JA − 2JB + 2ID p1 · p2
)]
+p6 2 (p
µ
2p
ν
1 − p
µ
1p
ν
2) [2(J0 − JB − JC + JD)
+
1
2
(ξ − 1)
(
2ID p
2
1 + IE p
2
1 − IC p
2
2 + J0 − 2JB + 2ID p1 · p2
)]
+p6 1p6 2 (γ
µpν1 − γ
νpµ1) [J0 − JA + JB + 2JD − 2JE
+
1
4
(ξ − 1)
(
−3IE p
2
1 + IC p
2
2 + 4ID p
2
2 + J0 − 2JA + 2JB + 2ID p1 · p2
)]
+
1
2
p6 2 (γ
µγν − γνγµ)
[
1
2
(
−2J0 p
2
1 + 2JA p
2
1 − 4JD p
2
1 + 3JE p
2
1 + 2JA p
2
2 − JC p
2
2
−K0 + 2(2JA − 2JC + JD)p1 · p2 − 5) +
1
4
(1− ξ)
(
−3IE p
4
1 + IC p
2
2p
2
1 + 4ID p
2
2p
2
1
+J0 p
2
1 − 2JA p
2
1 − 2JA p
2
2 + 2K0 − 2
(
ID p
2
1 − 2IC p
2
2 + 2JA
)
p1 · p2
)]
+
1
2
p6 1 (γ
µγν − γνγµ)
[
1
2
(
2JB p
2
1 − JE p
2
1 − 2J0 p
2
2 + 2JB p
2
2 + 3JC p
2
2 − 4JD p
2
2 −K0
+2(2JB + JD − 2JE)p1 · p2 − 5) +
1
4
(1− ξ)
(
−3IC p
4
2 + 4ID p
2
1p
2
2 + IE p
2
1p
2
2
+J0 p
2
2 − 2JB p
2
2 − 2JB p
2
1 + 2K0 − 2
(
−2IE p
2
1 + ID p
2
2 + 2JB
)
p1 · p2
))
+ (γµpν2 − γ
νpµ2 )
[
1
2
(
−2JB p
2
1 − 4JD p
2
1 + 3JE p
2
1 + 2JA p
2
2 − JC p
2
2 −K0
+(4J0 + 4JA − 4JB − 8JC + 6JD)p1 · p2 − 5)
+
1
2
(1− ξ)
(
−2IE p
4
1 + 2ID p
2
2p
2
1 + JB p
2
1 − JA p
2
2 − 2ID (p1 · p2)
2 +K0
−
(
4ID p
2
1 + IE p
2
1 − 3IC p
2
2 + J0 + 2JA − 2JB
)
p1 · p2
)]
+ (γµpν1 − γ
νpµ1 )
[
1
2
(
2JB p
2
1 − JE p
2
1 − 4J0 p
2
2 + 2JA p
2
2 + 4JB p
2
2 + 3JC p
2
2 − 4JD p
2
2
−K0 − 2(2J0 − 2JA − 2JB + JD)p1 · p2 − 5) +
1
2
(1− ξ)
(
−IC p
4
2 + 2ID p
2
1p
2
2
+IE p
2
1p
2
2 + J0 p
2
2 − JA p
2
2 − 2JB p
2
2 − JB p
2
1 + 2ID (p1 · p2)
2 +K0
+
(
IE p
2
1 + IC p
2
2 + 2ID p
2
2 + J0 − 2JA − 2JB
)
p1 · p2
)]
. (40)
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3.4. Part 4
The Wilson-line contribution comprises integration over several non-local diagrams in
order to retain gauge invariance. To one-loop order these contributions are explicitly:∫
ddk
(2π)d
kλ
{
σµν , Γ˜λV
}
= −
iα
4π3
∫
ddk kλ
γα (p6 1 − k6 )
{
σµν , γλ
}
(p6 2 − k6 ) γ
β
k2 (p1 − k)
2 (p2 − k)
2
(
gαβ + (ξ − 1)
kαkβ
k2
)
−
iα
4π3
∫
ddk
[
γβ (p6 1 − k6 ) {σ
µν , γα}
k2 (p1 − k)
2 +
{σµν , γα} (p6 2 − k6 ) γ
β
k2 (p2 − k)
2
](
gαβ + (ξ − 1)
kαkβ
k2
)
.
(41)
Computing these two pieces separately, we find the first to be
−
α
4π3
∫
ddk kλ
γα (p6 1 − k6 )
{
σµν , Γ˜λV
}
(p6 2 − k6 ) γ
β
k2 (p1 − k)
2 (p2 − k)
2
(
gαβ + (ξ − 1)
kαkβ
k2
)
= −
α
2π3
{
−
1
2
J
(1)
λ (p1, p2) γ
αp6 1 r
λµν p6 2γα
+
1
2
J
(2)
λδ (p1, p2)γ
α
(
p6 1 r
λµν γδ + γδ rλµν p6 2
)
γα −
1
2
K
(1)
λ (p1, p2) γ
α rλµν γα
}
+
α
4π3
(ξ − 1)
{
K
(1)
λ (p1, p2)
(
rλµν
)
+ J
(1)
λ (p1, p2)
(
−p6 1γ
µγνp6 2γ
λ + γλp6 1γ
νγµp6 2
)
+ J
(2)
λα (p1, p2)
(
−γαp6 1r
λµν − rλµνp6 2γ
α + γαγµγνp6 2γ
λ − γαp6 1γ
νγµγλ
)
+ I
(2)
λα (p1, p2)
(
p21γ
αγµγνp6 2γ
λ − γαp6 1γ
νγµγλp22
)
+ J
(2)
λα (p1, 0)
(
γλp6 1γ
νγµγα
)
+ J
(2)
λα (0, p2)
(
−γαγµγνp6 2γ
λ
)}
. (42)
The second set of contributions to the Wilson-line at one-loop is:
−
iα
4π3
∫
ddk
[
γβ (p6 1 − k6 ) {σ
µν , γα}
k2 (p1 − k)
2 +
{σµν , γα} (p6 2 − k6 ) γ
β
k2 (p2 − k)
2
](
gαβ + (ξ − 1)
kαkβ
k2
)
= −
α
2π3
{(
p2λK
(0)(0, p2)− p1λK
(0)(p1, 0) +K
(1)
λ (p1, 0)−K
(1)
λ (0, p2)
)
×
(
2γµgλν − 2γνgλµ + ε (γµγν − gµν) γλ
)
+ε
(
p1λK
(0)(p1, 0)−K
(1)
λ (p1, 0)
)
rλµν
}
+
α
4π3
(ξ − 1)
{
J
(2)
λα (p1, 0)γ
αp6 1 r
λµν + J
(2)
λα (0, p2) r
λµνp6 2γ
α
−
(
K
(1)
λ (p1, 0) +K
(1)
λ (0, p2)
)
rλµν
}
. (43)
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Collecting these together and again ordering the terms according to their Lorentz and
Dirac structure, we have:
P4
µν = (p6 1p6 2γ
νpµ1 − p6 1p6 2γ
µpν1)
[
2(JB + JD − JE) +
(
−IE p
2
1 + ID p
2
2 + JB
)
(ξ − 1)
]
+ (p6 1p6 2γ
µpν2 − p6 1p6 2γ
νpµ2 )
[
2(JA − JC + JD) +
(
ID p
2
1 − IC p
2
2 + JA
)
(ξ − 1)
]
+p6 2
[
−2ID (ξ − 1) (p
µ
2p
ν
1 − p
µ
1p
ν
2) p
2
1 − 4(JA − JC) (p
µ
2p
ν
1 − p
µ
1p
ν
2]
)
+p6 1
[
4JD (p
µ
2p
ν
1 − p
µ
1p
ν
2) + 2
(
JB − IE p
2
1
)
(ξ − 1) (pµ2p
ν
1 − p
µ
1p
ν
2)
]
+ (γνpµ2 − γ
µpν2)
[
−2JD p
2
1 + 2JC p
2
2 −K0 + 4(JA − JC + JD ) p1 · p2
+
1
2
(1− ξ)
(
−2IE p
4
1 + 2ID p
2
2p
2
1 + JE p
2
1 − 3JC p
2
2 + 2K0
−2
(
2ID p
2
1 − 2IC p
2
2 + 2JA + JD
)
p1 · p2 − 3
)
+ 2
]
−
1
2
p6 1 (γ
µγν − γνγµ)
[
JE p
2
1 − 2JA p
2
2 + JC p
2
2 + 2JD p1 · p2 − 4
+
1
2
(1− ξ)
(
−2IC p
4
2 + 2IE p
2
1p
2
2 + 2JA p
2
2 − 4JD p
2
2 +K0 − 4JE p1 · p2 − 4
)
− 1
]
+
1
2
p6 2 (γ
µγν − γνγµ)
[
2JB p
2
1 − JE p
2
1 − JC p
2
2 − 2JD p1 · p2
+
1
4
(ξ − 1)
(
−3IE p
4
1 + IC p
2
2p
2
1 + 4ID p
2
2p
2
1 + J0 p
2
1 − 4JD p
2
1 + JE p
2
1 − 3JC p
2
2
+3K0 −K0(0, p2)− 2
(
ID p
2
1 − 2IC p
2
2 + 2JA + 2JC + JD
)
p1 · p2 − 5
)
+ 1
]
+ (γµpν1 − γ
νpµ1 )
[
4JA p
2
2 − 2JC p
2
2 − 2JD p
2
2 −K0 + 4(JB − JE)p1 · p2 + 4
+
1
2
(ξ − 1)
(
−IC p
4
2 + 2ID p
2
1p
2
2 + IE p
2
1p
2
2 + J0 p
2
2 − 4JD p
2
2 +K0
−K0(p1, 0) +
(
2ID p
2
2 − 4JE
)
p1 · p2 − 2
)
+ 4
]
+
1
2
p6 1 (γ
µγν − γνγµ)
[
1
2
(4−K0(p1, 0)) (ξ − 1)− 2
]
+
1
2
p6 2 (γ
µγν − γνγµ)
[
1
2
(4−K0(0, p2)) (ξ − 1) + 2
]
+ (γµpν1 − γ
νpµ1 ) [K0(p1, 0) + ξ − 5]
+ (γνpµ2 − γ
µpν2) [1 + ξK0(0, p2)] . (44)
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4. Summing terms gives the result
We now collect together the terms from (31, 37, 40, 44) to form
Qµν = [P1 −P2 − P3 − P4]
µν . (45)
The fact that each term is individually antisymmetric in µ and ν assists the checking.
Rather than report every term of this somewhat tedious exercise, we illustrate that the
answer for Qµν is indeed zero by considering two structures. First those proportional to
C of (33), which are individually singular in 1/ε, then we will consider those proportional
to unity.
4.1. Equating C’s
We denote the singular term in Qµν by Qε
µν . Collecting these parts we have:
Qε
µν ≡ γµ (pν2 − p
ν
1) C + (ξ − 1) γ
µ (pν2 − p
ν
1) C (+P1
µν)
− ξ
[
1
2
(p6 1 + p6 2) γ
µγν + 2γµpν2
]
C (−P2
µν)
+ ξ
[
1
2
(p6 1 + p6 2) γ
µγν + γµ (pν1 + p
ν
2)
]
C (−P3
µν)
+ 2 γµ (pν2 − p
ν
1) C + 2γ
µ (pν1 − p
ν
2) C
+ (ξ − 1)
[
1
2
(p6 1 + p6 2) γ
µγν + 2γµpν2
]
C
− (ξ − 1)
[
1
2
(p6 1 + p6 2) γ
µγν + 2 γµpν2
]
C (−P4
µν)
− (µ ↔ ν)
= 0 . (46)
The Pi
µν in brackets indicate from which part the terms originate.
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4.2. Equating 1’s
We next collect together the terms proportional to unity. We denote this collection by
Q(1)
µν :
Q(1)
µν =
1
∆2
{
(2− ξ) (−pµ1p
ν
2)
[
p6 2
(
p21 − p1 · p2
)
+ p6 1
(
p22 − p1 · p2
)]
+ 2 (ξ − 1) γµ (pν2 − p
ν
1) ∆
2 (+P1
µν)
− ξ
[
1
2
(p6 1 + p6 2) γ
µγν + 2γµpν2
]
∆2 (−P2
µν)
+
(4 + ξ)
2
(p6 1 + p6 2) γ
µγν ∆2 + 6γµ (pν1 + p
ν
2)∆
2
− (2− ξ)
{
γµpν1
[
p22
(
p1 · p2 + p
2
1
)
+ 2∆2
]
− γµpν2p
2
1
(
p22 + p1 · p2
)
+ p6 1p6 2γ
µ
[
pν2
(
p21 + p1 · p2
)
− pν1 (p2 + p1 · p2)
]
+ pµ1p
ν
2
[
p6 2
(
p21 + p1 · p2
)
− p6 1
(
p22 + p1 · p2
)]}
(−P3
µν)
− (2p6 1γ
µγν + 4γµpν1)∆
2 − (2p6 2γ
µγν + 4γµpν2)∆
2
+ (2− ξ)
{
γµpν1p
2
2
(
p21 + p1 · p2
)
− γµpν2p
2
1
(
p22 + p1 · p2
)
+ p6 1p6 2γ
µ
[
pν2
(
p21 + p1 · p2
)
− pν1
(
p22 + p1 · p2
)]
+ pµ1p
ν
2
(
2p6 2p
2
1 − 2p6 1p1 · p2
)}
(−P4
µν)
− (µ↔ ν)
}
= 0 . (47)
4.3. The Result
We can similarly check for all the terms inQµν , i.e. for the combination of Pi
µν (i = 1, 4)
of (45), that the result is indeed zero.
Thus in conclusion we have deduced that the transverse Ward-Takahashi identity to one
loop order in d close to 4 dimensions is indeed given by (25):
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iqµΓνV (p1, p2)− iq
νΓµV (p1, p2) = S
−1
F (p1) σ
µν + σµν S−1F (p2)−
1
2
(p1 + p2)λ
{
σµν ,ΓλV
}
+
∫
ddk
(2π)d
kλ
{
σµν , Γ˜λV
}
. (48)
This is a critical step in developing non-perturbative Feynman rules for the key fermion-
boson interaction so central to Abelian and non-Abelian gauge theories in the strong
coupling regime.
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Appendix A.
Note that in the text these functions will be assumed to depend upon p1 and p2 unless
explicitly indicated.
K(0) (p1, p2) =
∫
d4ω
1
(p1 − ω)
2 (p2 − ω)
2 =
iπ2
2
K0 (p1, p2) , (A.1)
K(0) (0, p2) =
∫
d4ω
1
ω2 (p2 − ω)
2 =
iπ2
2
K0 (0, p2) , (A.2)
K(0) (p1, 0) =
∫
d4ω
1
(p1 − ω)
2 ω2
=
iπ2
2
K0 (p1, 0) , (A.3)
K(1)
µ
(p1, p2) =
∫
d4ω
ωµ
(p1 − ω)
2 (p2 − ω)
2 =
iπ2
4
(p1 + p2)µK0 (p1, p2) , (A.4)
K(1)
µ
(0, p2) =
∫
d4ω
ωµ
ω2 (p2 − ω)
2 =
iπ2
4
p2µK0 (0, p2) , (A.5)
K(1)µ (p1, 0) =
∫
d4ω
ωµ
(p1 − ω)
2 ω2
=
iπ2
4
p1µK0 (p1, 0) , (A.6)
J (0) (p1, p2) =
∫
d4ω
1
ω2 (p1 − ω)
2 (p2 − ω)
2 =
iπ2
2
J0 , (A.7)
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J (1)
µ
(p1, p2) =
∫
d4ω
ωµ
ω2 (p1 − ω)
2 (p2 − ω)
=
iπ2
2
[p2µJA + p1µJB] , (A.8)
J (1)
µ
(0, p2) =
∫
d4ω
ωµ
ω4 (p2 − ω)
2 =
iπ2p2µ
p22
, (A.9)
J (1)
µ
(p1, 0) =
∫
d4ω
ωµ
ω4 (p1 − ω)
2 =
iπ2p1µ
p21
, (A.10)
J (2)µν (p1, p2) =
∫
d4ω
ωµων
ω2 (p1 − ω)
2 (p2 − ω)
2
=
iπ2
2
{
gµν
d
K0 +
(
p2µp2ν − gµν
p22
4
)
JC +
(
p1µp1ν − gµν
p21
4
)
JE
+
(
p1µp2ν + p2µp1ν − gµν
p1 · p2
2
)
JD
}
, (A.11)
J (2)
µν
(0, p2) =
∫
d4ω
ωµων
ω4 (p2 − ω)
2
=
iπ2
2
(
gµν
4
K0 (0, p2) +
p2µp2ν
p22
)
, (A.12)
J (2)µν (p1, 0) =
∫
d4ω
ωµων
ω4 (p1 − ω)
2
=
iπ2
2
(
gµν
4
K0 (p1, 0) +
p1µp1ν
p21
)
, (A.13)
I(1)
µ
(p1, p2) =
∫
d4ω
ωµ
ω4 (p1 − ω)
2 (p2 − ω)
2
=
iπ2
2
[p2µ IA + p1µ IB ] , (A.14)
I(2)
µν
(p1, p2) =
∫
d4ω
ωµων
ω4 (p1 − ω)
2 (p2 − ω)
2
=
iπ2
2
{
gµν
4
J0 +
(
p2µp2ν − gµν
p22
4
)
IC +
(
p1µp1ν − gµν
p21
4
)
IE
+
(
p1µp2ν + p2µp1ν − gµν
p1 · p2
2
)
ID
}
. (A.15)
A.1. J-scalar functions
JA =
1
∆2
{
J0
2
(
−p21
(
p22 − p1 · p2
))
+ p1 · p2 L
′ − p21L− 2
(
p1 · p2 − p
2
1
)
S
}
JB =
1
∆2
{
J0
2
(
−p22
(
p21 − p1 · p2
))
+ p1 · p2 L− p
2
2L
′ − 2
(
p1 · p2 − p
2
2
)
S
}
JC =
1
4∆2
{
2p21 − 4p1 · p2 S + 2p1 · p2 L
′ +
(
2p1 · p2 p
2
1 − 3p
2
1p
2
2
)
JA − p
4
1JB
}
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JD =
1
4∆2
{
2p1 · p2 p
2
2JA + 2p1 · p2 p
2
1JB − 2p1 · p2 + 2p
2
2S − p
2
2L
′ − p21p
2
2JA
+2p21S − p
2
1L− p
2
1p
2
2JB
}
JE =
1
4∆2
{
2p22 − 4p1 · p2 S + 2p1 · p2 L+
(
2p1 · p2 p
2
2 − 3p
2
1p
2
2
)
JB − p
4
2JA
}
(A.16)
A.2. I-scalar functions
IA =
1
∆2
{
−
(p21 − p1 · p2)
2
J0 + 2
(
1−
p1 · p2
p22
)
S − L′ +
p1 · p2
p22
L
}
IB =
1
∆2
{
−
(p22 − p1 · p2)
2
J0 + 2
(
1−
p1 · p2
p21
)
S − L+
p1 · p2
p21
L′
}
IC =
1
4∆2
{
2p21J0 − 4
p1 · p2
p22
+
(
2p1 · p2 − 3p
2
1
)
JA − p
2
1JB − p
4
1 IB
+
(
2p1 · p2 p
2
1 − 3p
2
1p
2
2
)
IA
}
ID =
1
4∆2
{
−2p1 · p2 J0 + 4 +
(
2p1 · p2 − p
2
2
)
JA +
(
2p1 · p2 − p
2
1
)
JB
+
(
2p1 · p2 p
2
2 − p
2
1p
2
2
)
IA +
(
2p1 · p2 p
2
1 − p
2
1p
2
2
)
IB
}
IE =
1
4∆2
{
2p22J0 − 4
p1 · p2
p21
+
(
2p1 · p2 − 3p
2
2
)
JB − p
2
2JA − p
4
2 IA
+
(
2p1 · p2 p
2
2 − 3p
2
1p
2
2
)
IB
}
(A.17)
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